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Monte Carlo–based model for the extraction of oil from oil-water mixtures using
wetting and surface acoustic waves
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This work presents a Monte Carlo–based microscopic model for simulating the extraction of oil from
oil-in-water emulsions under the influence of surface acoustic waves (SAWs). The proposed model is a two-
dimensional Ising-lattice gas model that employs Kawasaki dynamics to mimic the interactions between oil,
water, and air, as well as external forces such as gravity and acoustic stress. By incorporating both acoustic
streaming and acoustic radiation pressure, the model captures key experimental observations, including selective
oil extraction and droplet motion under SAW excitation. The results highlight the critical role of acoustic
radiation pressure in enabling oil film formation and detachment, governed by the balance between capillary
and acoustic stresses. The study provides qualitative agreement with experimental findings and offers insights
into the essential mechanisms driving acoustowetting-induced phase separation, demonstrating the utility of
discrete modeling for complex fluid dynamics problems.
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I. INTRODUCTION

Common commercial techniques for oil-water separation,
such as high-power distillation [1] and coagulation and floc-
culation of oil droplets [2,3] (methods that have been in use
for nearly two centuries), require large quantities of energy
per product, as well as additional chemicals. Recently, it
was shown that surface effects can be useful for oil-water
separation, with important implications for energetic require-
ments: membranes of specific affinity for water or oil support
the passage of the favorable phase through the membrane
pores, while repelling the other phase through capillary effects
[4,5]. For example, a hydrophobic polyvinylidene fluoride
(PVDF) membrane was used to separate various water-in-oil
emulsions including surfactant-free and surfactant-stabilized
emulsions with droplet sizes from the micron to the nanometer
range [6], and a hydrophilic hydrogel polyacrylamide was
coated by a mesh consisting of rough nanostructured hydrogel
coatings and microscale porous metal substrates to separate
various oil-in-water mixtures [7]. In addition, Zhang et al. [4]
have presented membranes of variable oil wettability based on
polyurethane sponges, and Wen et al. [8] presented a zeolite-
coated mesh film for oil-water separation.

Oil is characterized by low surface tension, e.g., com-
mercial silicone oil at ambient conditions supports a surface
tension of approximately 20 mN/m at an interface with air.
Water, however, is typically associated with higher surface
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tension: pure water at ambient conditions supports a surface
tension of approximately 70 mN/m. Adding surfactants low-
ers the surface tension of the water and surfactant mixture;
e.g., adding sodium dodecyl sulfate—used abundantly for
commercial and domestic applications—to water reduces its
surface tension down to approximately 40 mN/m at the crit-
ical micelle concentration. Consequently, oil supports only a
small three-phase (vapor-liquid-solid) contact angle with most
solids; silicone oil in particular has vanishing contact angle
at equilibrium with most solids, leading to many applications
due to its ability to spontaneously spread over and coat large
surface areas. Water and water-surfactant solutions support
finite three-phase contact angles with most substrates, leading
to the formation of drops [9].

Recent experimental work extended the idea of harness-
ing surface contributions to enhance oil-water separation by
introducing acoustic stress in the oil-water mixture, thereby
generating a capillary-acoustic stress balance favorable to dis-
placing oil from the mixture [10]. One such mechanism of
lately increasing popularity in the scientific literature is acous-
tic streaming: an acoustic wave (or ultrasonic wave—we use
the term “acoustic” to refer to both wave regimes) traveling
in a fluid, or in a solid neighboring a fluid, introduces stress
and flow. It generates a boundary layer flow near the solid-
fluid interfaces [11,12] and a bulk flow in the fluid [13–15].
The bulk flow, whose steady component at long times is also
known as Eckart streaming, is a product of intensity variations
in the acoustic wave in the fluid, which may attenuate due to
viscous and thermal dissipation. Spatial variations in the wave
intensity may also result from spatial variations in the source
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of the acoustic wave, as in the case where surface acoustic
waves (SAWs), which travel and attenuate along the solid sub-
strate, diffract (leak) acoustic waves to the fluid; the intensity
of the acoustic wave traveling in the fluid, before thermal and
acoustic attenuation, originates from the local intensity of the
SAW in the solid, where the acoustic wave was leaked. Spatial
variations in an acoustic wave traveling through fluid gener-
ate spatial variations in the convective Reynolds stress—the
forcing mechanism for flow. Eckart streaming is abundantly
used for the actuation of fluids in micro-channels [16–18] and
drop microfluidics [19–22]. Moreover, the interaction of the
acoustic waves with an interface, in our case the vapor-liquid
interface of liquid drops and films, yields a net force on the
interface—an acoustic radiation pressure [23]. This is known
to introduce stress at the surface of particles [24] and other
solids [25–29] and was shown to deform and displace soft
interfaces [30–33].

It has been shown that MHz-level SAWs, which travel
along a solid substrate, actuate the dynamic wetting of oil
[34–36] and water [37,38] films along and opposite the path of
the SAW. The acoustic stress interacts differently with water
and oil due to their different surface tensions and the corre-
sponding capillary pressure these liquids experience. When
the acoustic stress in the film dominates the capillary stress,
liquid films dynamically wet a solid along and opposite the
path of a SAW. This is trivial to achieve in the case of
silicone oil due to its low surface tension. For water and
water-surfactant mixtures to do the same, the SAW intensity
must be above a certain threshold. Horesh et al. [39] compared
the response of oil and water-surfactant solutions to SAW ex-
citation by incorporating gravitational effects into the acoustic
and capillary stress balance. Oil films continuously climbed
a vertical SAW actuator against gravity, whereas water and
water-surfactant solutions only ascended a few millimeters
before reaching an equilibrium height determined by the in-
terplay of gravity, capillary stress, and acoustic stress.

Recently, Li et al. [10] extended the previous work to study
the extraction of oil films off oil-in-water mixtures (emul-
sions) in the laboratory. The oil phase was found to leave the
mixture in the direction opposite the SAW propagation, since
the acoustic stress therein overwhelmed the capillary stress
associated with the low oil surface tension. The water phase
remained at rest, since the capillary stress associated with the
higher surface tension liquid was greater than the acoustic
stress. Thus, oil films left the emulsion, while the water phase
was left behind.

Simulating the dynamics of such oil-water separation un-
der SAW excitation can provide deeper insight into the
separation process. In this work, we propose a simple Monte
Carlo (MC)-based microscopic model to better understand the
key factors driving the experimentally observed phenomena.
Various MC-based methods have already been implemented
to simulate droplet behavior, with our focus specifically on
discrete models where interactions are represented through a
Hamiltonian that accounts for all relevant interactions in the
system. Such discrete models have been analyzed using MC
simulations under particle number conservation (Kawasaki
dynamics) to capture particle exchange dynamics [40–47].
Given the numerous possible interactions that define fluid
dynamics, the system’s interactions and geometry vary for

each specific problem, depending on the phenomena being an-
alyzed. The general approach taken in the cited works (among
many others) is to simplify the problem as much as possible,
while retaining essential features. Below, we briefly review
the studies most relevant to the problem considered here.

In the context of spreading, several decades ago De Con-
inck et al. [40] introduced a discrete two-dimensional Ising
lattice gas model that included nearest-neighbor interaction
between particles and an interaction with the substrate to
investigate how a macroscopic droplet spreads. In the same
year, Cheng and Ebner [41] employed a slightly modified
model, differing in the treatment of the substrate interaction,
to examine the growth rate of a spreading droplet across a
wide range of parameter values. A few years later, Lukkari-
nen et al. [42] introduced a three-dimensional Ising model
to investigate droplet spreading upon contact with a planar
substrate, focusing on the emergence of an ultrathin pre-
cursor film. This model also incorporates nearest-neighbor
interactions within an external field generated by the substrate
potential and is defined on a cubic lattice of infinite extent in
the in-plane directions, with finite extent in the out-of-plane
direction.

Other authors have employed similar models to describe
various droplet behaviors beyond spreading. For example, the
droplet formation-dissolution transition has been studied by
Nußbaumer et al. [45] using a simple two-dimensional Ising-
lattice gas model, which only accounts for nearest-neighbor
interactions. Later, Chalmers et al. [46] investigated the evap-
oration of nanoparticle suspensions using a similar discrete
model. This model incorporates pair interactions that extend
beyond the nearest neighbors for the three possible interac-
tions in the system: liquid-liquid, nanoparticle-nanoparticle,
and liquid-nanoparticle. The model also incorporates a chem-
ical potential governing the vapor-liquid phase transition, and
distinct substrate interactions for nanoparticles and liquid par-
ticles. More recently, Areshi et al. [47] used a similar model
that includes pair interactions beyond the nearest neighbors,
as well as substrate interaction, to study several aspects of
droplet dynamics on surfaces. Specifically, they studied the
density profiles, the mechanism by which two drops merge,
and the evolution of droplets under a constant lateral driving
force parallel to the surface.

In all these models, the spin characteristics of the Ising
model are replaced by occupancy numbers, where a value
of zero indicates an empty lattice cell and unity signifies an
occupied cell. Additionally, these models examine the system
in a lattice setting, either 2D or 3D, where each cell can
be occupied by only one particle at a time; we will follow
a similar approach in this work. This simplified scheme, as
will be explained in detail in the following section, provides a
probabilistic rather than a fully atomistic description.

The rest of this paper is organized as follows. We proceed
by presenting our model, with an emphasis on modeling the
interactions between the different particle types considered.
Our main goal is to explore the simplest approach to describ-
ing separation of oil and water from an emulsion using a
discrete model similar to those discussed above, with a focus
on considering emulsion drops exposed to external forcing by
an applied surface acoustic wave (SAW). The computational
results obtained from the MC simulations are then discussed
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in the Results section, which is followed by our Conclusions.
Some technical details are given in the Appendixes.

II. MODEL

While there have been previous attempts to model acous-
towetting experiments using continuum theory, e.g., Altshuler
and Manor [37,38], these works shed little light on the pro-
cesses by which the SAW enhances the phase separation of
an oil-in-water emulsion and do not describe the dynamics
of either phase separation or oil film extraction. Therefore, to
obtain new insight into these issues, we here take an alter-
native approach, using a simplified discrete two-dimensional
model to describe the observed phenomena. The model that
we simulate represents an idealized version of an oil-in-water
emulsion and is based on energy minimization of a closed sys-
tem of interacting, discrete, oil and water regions (cells within
the model, described in what follows), where SAW-induced
stress in the liquid (emulsion) is represented as an external
force. Despite the model’s simplicity, we will show that it
is effective in qualitatively describing the recently reported
experiments [10] and providing valuable physical insights.

Our model is motivated by a system comprising a sessile
drop of an oil-in-water emulsion positioned on top of a solid
horizontal substrate, exposed to a SAW. The model consists
of a two-dimensional regular lattice defining cells, which may
be occupied or not, as discussed below. The evolution of the
system is simulated by a Monte Carlo scheme with Kawasaki
local dynamics [48], which attempts to decrease the system
energy by swapping the content of the neighboring cells. The
main features of this established algorithm are described in
the Appendix A. All code necessary to reproduce the results
presented here can be accessed at Ref. [49].

The geometry of our model comprises a rectangular grid
of Lx cells along the x axis (parallel to the solid substrate) and
Ly cells along the y axis (normal to the solid substrate). The
model can be easily generalized to three dimensions, however,
in this work we restrict ourselves to two dimensions for sim-
plicity. All cells are of the same size, and each is occupied by
water, oil, or neither (modeling air). The basic setup is similar
to that used by Areshi et al. [47]. As a point of clarification, we
note that this description of the fluid is statistical rather than
fully atomistic. A particle should be interpreted as a collective
representation of multiple fluid molecules rather than a single
molecule. The presence or absence of a particle at a lattice
site reflects an increased or decreased probability of local
occurrence of fluid molecules there. For further discussion,
see Chalmers et al. [46] and references therein. The advantage
of this modeling approach lies in its ability to efficiently
analyze the system’s interfacial properties while accurately
incorporating the essential structure and thermodynamics of
the fluid, despite its simplified nature [47].

We define oi and wi as the occupation numbers of oil
and water, respectively, so, for example, oi = 1 if the cell i
is occupied by an oil particle and oi = 0 if it is occupied
by water, or not occupied at all. Here, i = (xi, yi ) is the 2D
position vector. We do not define an occupation number for
air, as we will consider that air does not interact with other
particles and is unaffected by the governing forces; an air cell
is one for which oi = 0 = wi.

Initially, we assume a sessile drop, comprising a random
mixture of water and oil particles, where we set the initial oil
volume fraction to c = ∑

i oi/
∑

i(oi + wi) = 0.4, as in the
experiments [10]. The energy of the system is obtained by
summing over the contributions from all cells and accounts for
close-neighbor interactions, external forcing due to gravity,
and acoustic stress due to the SAW in the solid substrate.
Each cell is assumed to have four nearest neighbors in the
x and y directions, and another four next-nearest neighbors
in the diagonal directions; water-water, oil-oil and oil-water
interactions are accounted for. Although one could simply
consider only nearest neighbor interactions, the motivation
for including next-nearest neighbors comes from prior works
[46,47], which noted that the use of only nearest neighbors
can lead to the formation of unrealistic rectangular-shaped
droplets at low temperatures. The resulting energy is given
by the Hamiltonian

H = −
∑
〈i, j〉

ci j (Joooio j + Jwwwiw j + Jowoiw j )

+
∑

i

ρigyi +
∑

i

ρi pRS U (xi, xB, α). (1)

Here, the right-hand side (RHS) includes the contributions due
to the interaction energy between the cells, the gravitational
contribution, and the acoustic term, respectively. We describe
each term below, first noting that, for simplicity, we consider
each term on the RHS to be given in units of kBT , where kB

is the Boltzmann constant and T absolute temperature. To
further simplify, we put ρi = 1 (for both oil and water, as
discussed below), ρi = 0 for air, and we assign a numerical
value to g that is convenient for the purpose of our simulations
(corresponding simply to a specific choice of scalings for
the variables). Clearly, more careful treatment of the relative
magnitude of various physical effects will be needed if one
attempts to model the quantitative details of any particular
physical experiment.

In Eq. (1), the first term on the RHS describes the inter-
action energy between cells of index i and their neighbors of
index j, wherein (

∑
〈i, j〉) denotes summation over all pairs of

cells on the grid. This term captures the interaction of water
and oil cells that interact via a near-neighbor model via attrac-
tive forces and is reminiscent of van der Waals interactions
between water and oil. Here, the interaction energy with air
is neglected, as we assume that the low (zero in our analysis)
density air does not contribute to the total interaction energy.
More precisely, interactions between water cells, between oil
cells, and between water and oil cells, are described by energy
contributions Jww, Joo, and Jwo ≡ Jow, respectively. A larger
(smaller) value of any of these positive parameters represents
a stronger (weaker) interaction between these cells leading
to a stronger (weaker) cohesive force. The interaction energy
between pairs of particles at lattice sites i and j depends on
the distance between them and is given by ci j , which we
define as [47]

ci j =
⎧⎨
⎩

1 if j ∈ NNi,
1/2 if j ∈ NNNi,
0 otherwise,

(2)
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(a) (b)

FIG. 1. (a) Sketch of the liquid (oil and water) geometry studied, where xB indicates the transition between an oil film (x < xB) and the
emulsion drop (x > xB). We also indicate the direction of SAW propagation. (b) Spatial variation of the acoustic potential in the liquid, given
by U (xi, xB, α) in Eq. (3), where the dashed line indicates the position of xB. Inset: Spatial variation of the force F = ∂U/∂x generated in the
liquid by the acoustic stress.

where NNi and NNNi denote the nearest neighbors and the
next nearest neighbors of the lattice site i, respectively. Due
to the negative sign before this term, the system will tend to
evolve to a state that maximizes the number of interactions
(or bonds) associated with the largest Jkl (k, l = o,w). Since
cells on the surface of the droplet can bond to fewer cells,
the species with the highest interaction energies will tend to
bond in the interior of the drop, while those with the lowest
interaction energies will migrate to the surface. Therefore,
by changing the parameters determining the near-neighbor
interactions (discussed in what follows), we alter the effective
interfacial energy, i.e., the surface tension, between oil and
water.

The second summation in Eq. (1) represents the gravi-
tational contributions to the potential energy of each cell i,
where ρi and 1 � yi � Ly are the density and the (discrete)
y coordinate of the cell i, respectively. The density of air is
taken to be zero, and the densities of oil and water are taken
to be the same (since our focus here is on the acoustic forcing,
we ignore the buoyancy that results from the slight density
difference between oil and water).

The third summation is the novel component of our model
and accounts for the acoustic stress, i.e., the Reynolds stress
in the liquid due to the SAW, which propagates in the positive
x direction along the substrate. The acoustic stress is assumed
to be proportional to the density of the fluid cell (hence is
negligible in air) and to the SAW power in the solid substrate.
It contains a factor pRS representing the acoustic stress in
a cell that contains water or oil (assuming that both have
similar acoustic impedance) due to an unattenuated SAW in
the underlying solid; and a factor U that accounts for the
attenuation of the SAW in the regions under the droplet. It
is known, see, e.g., Li et al. [10], that a SAW decays expo-
nentially under a sufficiently thick layer of fluid. We model
this decay by specifying the appropriate dependence of U on
xi, the (discrete) x coordinate along the solid surface. Thus, in
this simplified analysis, we ignore the Rayleigh angle at which
ultrasonic waves leak off the SAW into the liquid and simply
relate the acoustic stress in the liquid to the intensity of the
SAW in the solid immediately below. This approach is found
to be appropriate for films whose thickness is small compared
to the wavelength of the acoustic wave leakage off the SAW
in the solid [34–36]. It is somewhat naive for the macro-scale

drop considered by Li et al. [10] where, in reality, the acoustic
leakage off the SAW travels at the Rayleigh angle in the liquid
body and supports a more complex stress field; however, we
expect that a simplified treatment is sufficient to accommo-
date our main goals. Therefore, as a first approximation, we
assume that the potential associated with the acoustic stress in
liquid (oil or water) is of the form

U (xi, xB, α) =
{

1 xi < xB,

e−α(xi−xB ) xi > xB,
(3)

where xB is the coordinate at the boundary of the drop nearest
the SAW actuator, see Fig. 1, and α is the attenuation coeffi-
cient associated with the SAW. Below, we discuss further the
key features of the SAW potential, to arrive at the final form
used in our simulations.

Recalling that SAW attenuation becomes appreciable when
the SAW travels under the macroscopic drop but is negligible
elsewhere [34,35], in our simulations we define the macro-
scopic drop to be present at the xi locations such that the
fluid layer is consistently more than two cells thick. There-
fore, the drop boundary, xB, is defined as the value of xi at
which the film thickness transitions from two cells to three
and remains at least three until reaching the main body of the
droplet. To compute this position, in each step of the algo-
rithm, we loop through the system from left to right until we
find a film thickness consistently greater than two. The exact
choice for the number of liquid cells that define the threshold
thickness is not important as long as it is small compared to
the maximum drop thickness; choosing other suitably small
values to define xB leads to similar results. Thus, we ignore
the SAW attenuation in xi < xB, setting U = 1 in this region,
and assume that attenuation occurs only for xi > xB, where
the SAW travels under the macroscopic drop. Here, we set
U = e−α(xi−xB ), modeling the exponential attenuation of the
acoustic stress in the liquid body, where 1/α represents the
characteristic attenuation length of the SAW. Figure 1 shows
U and the corresponding force factor by which the SAW acts
on the liquid, F = −∂U/∂x, as defined by Eq. (3). We note
that the point xB moves as the simulation proceeds and must
be dynamically tracked. Regarding the value of the attenuation
coefficient α, we use α = 0.01 to be able to observe signifi-
cant attenuation across the computational domain, which is in
order of magnitude comparable to 1/α. We have verified that
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using similar values of α modifies the results only marginally;
furthermore, we recall that all considered quantities are
nondimensional.

The definition of U discussed so far in Eq. (3) implies that
the SAW acts on all cells, independently of their content: that
is, the SAW acts in the same way on all three phases (oil,
water, air). This is not realistic, and furthermore it does not
account for acoustic radiation pressure. Namely, in physical
experiments, when the SAW reaches a drop, an excess pres-
sure is generated on the free surface of the drop, which leads
to a normal stress [25]. To capture this effect we redefine U .
One possible option is

U (xi, xB, α) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 liquid cells
detached from solid,

1 xi < xB

liquid cells
connected to solid,
xi > xB

e−α(xi−xB ) liquid cells
connected to solid,

(4)

where “detached from solid” means that there is no connection
between a considered cell and the solid via other cells filled
with liquid (oil or water). Equation (4) follows the physical
insight that SAW does not act on air, and therefore there
is a jump of U at the drop free surface. This jump models
acoustic radiation pressure through a very simple mechanism.
Consider a liquid (oil or water) cell at the drop surface. This
cell experiences acoustic stress due to the SAW. If this cell
were to detach from the drop (become airborne), then it would
cease to experience acoustic stress and therefore its energy
would decrease. This energy decrease leads to an effective
force pushing such a cell out from the surface, and such a force
models naturally the acoustic radiation pressure in physical
experiments.

While Eq. (4) includes the desired acoustic radiation pres-
sure effect, we find it convenient to introduce a parameter
characterizing its strength, relative to other physical effects.
We are, therefore, led to our final definition

U (xi, xB, α) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p xi < xB

liquid cells
detached from solid,

p e−α(xi−xB ) xi > xB

liquid cells
detached from solid,

1 xi < xB

liquid cells
connected to solid,

e−α(xi−xB ) xi < xB

liquid cells
connected to solid,

(5)

i.e., we consider that the cells detached from the solid expe-
rience an acoustic stress that is a fraction (p) of the acoustic
stress they would have experienced if they were connected
to the solid. If p = 0, then one recovers the more crude ap-
proximation given by Eq. (4), and if p = 1, then one recovers
the acoustic stress that does not account for acoustic radiation
pressure given by Eq. (3). The parameter p allows us to control

the intensity of the acoustic radiation pressure in our simu-
lations. In the Results section, we present simulations using
Eq. (5), in which we account for acoustic radiation pressure;
and results using Eq. (3), which does not account for it.

Summarizing, acoustic stress (i.e., the Reynolds stress) in
the liquid (oil and water) induces both acoustic flow in the liq-
uid [50,51] and acoustic radiation pressure at the free surface
[25]. Spatial variations in the acoustic stress along the liquid
bulk due to the spatial attenuation of the SAW result in a net
bulk force driving flow, reminiscent of the Eckart streaming.
Moreover, the smaller acoustic stress acting on those cells
disconnected from the substrate leads to a net force at the
free liquid surface. This is reminiscent of acoustic radiation
pressure. Both phenomena are different facets of the acoustic
stress produced by the SAW.

We do not attribute a significant role to gravity in the
extraction process; its primary function is merely to keep the
droplet adhered to the substrate. An alternative, more compli-
cated, approach to achieve this end could involve modeling
direct interactions between the liquid particles and the sub-
strate. Previous studies, such as that of Areshi et al. [47], have
examined such interactions, highlighting their influence on the
droplet’s equilibrium state, particularly the contact angle. In
this work we consider them nonessential for understanding
the extraction mechanism, which is primarily governed by
SAW effects and the surface tension contrast between the two
liquids; hence, we omit them.

To perform the MC simulations, we need to specify the
parameter values. The parameters in our model are Joo, Jww,
Jow, g, pRS, p, α, and implicitly, the system temperature, T .
While pRS, p and α are related to the SAW, and therefore can
change in the experimental setup, the Jkl are related to the
intermolecular forces between the various phases. These three
coupling constants Jww, Joo, and Jow are not independent; since
they represent the short-range interaction between the cells,
they can be related to the surface tension of the considered
liquids. Therefore, knowing the values of the surface tensions
of water and oil allows us to relate the constants Jkl to each
other. A simple calculation, see the Appendix B, leads to

Joo ≈ 0.28Jww, Jow ≈ 0.4Jww. (6)

These ratios will be used to set the specific value of the
coupling constants Jkl , as discussed in the next section.

III. RESULTS

A. Determining interaction energies

Although we know the ratios of the coupling constants Jkl ,
we still have to determine their individual values. To do this
we carry out trial simulations in the absence of the SAW for
pure liquids and for the emulsion. We know from the exper-
iments [10] that, in the absence of the SAW, a drop of pure
water maintains its shape, while a drop of pure oil wets the
entire substrate. In addition, a drop of emulsion also maintains
its shape and, moreover, the oil moves to the free surface of the
drop [10]. In the absence of the SAW there are only two con-
tributions to the energy present in the system: gravity and the
interaction between particles. If gravity is dominant, then the
droplet spreads out, while if the interaction between particles
is dominant, then the droplet keeps its initial shape. Therefore,
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(a) (b)RS RS

FIG. 2. Snapshots showing the evolution of a pure system in the absence of SAW (pRS = 0.0), (a) oil, and (b) water. Here, Jww = 12.6 and
Joo = 3.5. The number of MC steps is Nsteps = 1011. In this and the following figures, g = 20, the time increases from top to bottom at regular
intervals, the top figures show the initial condition, water and oil cells are shown in blue and yellow, and vapor cells are not shown.

for a given value of g, we must choose the Jkl such that in
the simulations of pure oil, the drop spreads over the entire
substrate, in the simulations of pure water the drop maintains
its shape, and in the simulations with the emulsion the drop
maintains its shape and in addition the oil goes to the surface
of the droplet. In all simulations that we present, the domain
is of size Lx = 300, Ly = 50, in the x, y directions, and we use
g = 20 and ρw = ρo = 1, ignoring any buoyancy effects to
focus on the acoustic forcing and intermolecular interactions,
as noted earlier. The value of g is chosen for convenience;
for our purposes, the exact value is relevant only relative to
the values of Jkl . The simulation results are independent of
system size; similar results are expected for larger or smaller
domains.

The interaction constants Jkl are related to the known in-
terfacial energies (surface tensions) of the respective phases.
In Appendix B we present a simple calculation that allows us
to obtain values for the ratios between the constants, Joo/Jww

and Jow/Jww. All simulations shown respect these ratios, thus,
we only need to fix one of the constants to determine all three.
We first consider single-phase simulations. Figure 2 shows the
results for pure systems: only oil [Fig. 2(a)] and only water
[Fig. 2(b)], in the absence of SAW. For the specified choices
of Jww and Joo, we observe that the oil drop wets the entire
surface, while the water drop maintains its shape throughout
the simulation, as desired. We emphasize that these results
are used solely to establish reasonable values for Jww and
Joo, rather than for the purpose of fully capturing the physics
of wetting, which would require incorporating substrate in-
teractions, a crucial factor in studying droplet equilibrium
properties [47] and spreading behavior [41–43]. Specifically,
we do not consider this model suitable for studying the contact
angles of droplets in equilibrium, as modulating them by
varying the strength of gravity is complicated. We believe
that it is essential to explicitly include the interaction with
the substrate for this purpose, as done in the work by Areshi
et al. [47]. However, this simplified model remains useful for
studying extraction phenomena. We also note that extending
interactions beyond the first neighbors helps the emulsion
droplet retain its shape. In simulations where only interac-
tions with the four nearest neighbors are considered (not

shown here), oil particles are more likely to escape from the
emulsion.

Returning now to the question of appropriate values for
the Jkl , we note that an emulsion droplet must maintain
its shape without SAW forcing. Figure 3 shows the re-
sults of emulsion drop simulations in the absence of SAW.
In Fig. 3(a), we show the results where Jkl are large
enough for a drop to maintain its shape, while in Fig. 3(b)
we show the results where gravity is dominant and the droplet
ends up spreading throughout the domain. To make our sim-
ulations realistic, we choose the coupling constants Jkl such
that they are large enough to hold the droplet together; in both
cases they satisfy the ratios determined in Appendix B. We
find that the values Jww = 12.6, Joo = 3.5, Jow = 5.1 [used in
Figs. 2 and 3(a)] ensure that desired behavior is obtained, and
therefore we use them from here on. We note in passing the
coarsening effect taking place as time progresses, as well as
migration of oil particles to the interfaces (both liquid-air and
liquid-solid).

B. Influence of SAW on the evolution
of emulsions and pure liquids

With the parameters Jkl established, we next carry out
simulations including also the SAW. Since one of our goals
is to identify the contribution of the acoustic radiation pres-
sure to the dynamics of the system in general and to oil
extraction in particular, we performed several simulations
varying the parameter p. Figures 4 and 5 show results for weak
and strong SAW intensities (characterized by the values of
pRS), respectively, and demonstrate that in both cases there is a
clear difference in the behavior of the system with and without
acoustic radiation pressure. In particular, in Fig. 4 (weak SAW
intensity), it can be seen that the acoustic radiation pressure
is a key element that allows for the oil film formation, since
in the system without acoustic radiation pressure practically
no oil particles escape from the droplet. More specifically,
in Fig. 4(a), where we do not account for acoustic radiation
pressure, the drop does not move and there is essentially no
influence of SAW. Figure 4(b), which includes acoustic radi-
ation pressure, shows an oil film appearing on both sides of
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(a) (b)RS RS

FIG. 3. Snapshots showing the emulsion evolution in the absence of SAW (pRS = 0.0) for two different sets of parameters Jkl : (a) Jww =
12.6, Joo = 3.5 and Jow = 5.1, and (b) Jww = 5.4, Joo = 1.5 and Jow = 2.2. Here, Nsteps = 1011 (a) and Nsteps = 5 × 1010 (b).

the drop. Such behavior is similar to the physical experiments
[10], although there, the oil film usually is not drawn out in
the −x direction (toward the SAW source).

Figure 5, where the SAW intensity is much larger, shows
more clearly how the acoustic radiation pressure is also a key
factor responsible for the dynamics of the simulated droplet.
Without acoustic radiation pressure, see Fig. 5(a), we observe
that even though the particles are pushed in the SAW prop-
agation direction, the vertical line x = xB, which marks the
(left) boundary of the drop, does not move at all. By contrast,
once we include acoustic radiation pressure, see Fig. 5(b), the
entire drop is pushed in the SAW propagation direction. For
both simulations, careful inspection of the figures shows that
the oil moves to the surface of the macroscopic droplet due
to the lower interaction energy Joo, corresponding to a lower
surface tension; and from there the oil is extracted or pushed
by the SAW.

As mentioned in the preceding section, the parameter p
allows us to modulate the intensity of the acoustic radiation

pressure, since this contribution is maximum when p = 0
and disappears when p = 1. For any value p ∈ [0, 1) there is
acoustic radiation pressure in the system, and the simulations
we have performed exhibit a similar qualitative behavior. In
the simulations presented here we choose p = 0.9, for two
reasons: first, when p is zero or very small, the behavior of
the system is noisy, and elucidating the effects of the SAW is
more difficult; and second, simulations with p very close to
unity, while exhibiting behavior qualitatively similar to that
observed with p = 0.9, take longer; therefore, we use p = 0.9
as a compromise.

The SAW has two notable effects on the emulsion drop,
occurring in different SAW intensity ranges: the extraction
of an oil film; and the streaming of the macroscopic droplet
away from the SAW source. For small values of the SAW in-
tensity (pRS ∼ 30, Fig. 4) the oil is extracted from the droplet,
forming films. For larger values, pRS ∼ 100, it is also possible
to extract water from the droplet, and to have films such
that both types of particles are present (results not shown).

(a) (b)RS RS

FIG. 4. Snapshots showing the emulsion evolution in the presence of SAW, where in panel (a) we account only for acoustic stress in the
bulk of the liquid (p = 1.0) and in panel (b) we account for both acoustic stress in the bulk of liquid and the normal stress (acoustic radiation
pressure) at the free surface of the drop (p = 0.9). The dashed black line represents the position of the effective contact line xB. Note the
appearance of thin oil film for late times in panel (b). The SAW intensity is pRS = 30, and Nsteps = 2 × 1011.
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RS RS

FIG. 5. The parameters and setup are as in Fig. 4; pRS = 1000, and Nsteps = 5 × 108.

However, only for even larger values, (pRS ∼ 1000, Fig. 5)
is it possible to see the streaming of a macroscopic emulsion
droplet.

For completeness, we also discuss briefly the results ob-
tained by considering pure oil and water drops exposed to
SAW. Figure 6 shows an example of the results, illustrating
that for the same value of pRS, the SAW leads to flow of the
oil drop, while the equivalent water drop remains stationary,
the SAW causing only a minor change in its shape. This
difference can only be explained by the differences in the drop
interaction energies Joo and Jww, i.e., by the differences in their
surface tensions. For both oil and water, we observe a small
film of particles moving in the opposite direction to the SAW;
this behavior is consistent with that found in experiments for
pure substances under the action of SAW [34].

C. Global time-dependent results illustrating SAW influence

Finally, we discuss time-dependent results that illustrate
the global features of evolving emulsion drops. For conve-
nience, we consider sufficiently small values of pRS such that
the drop remains stationary; that is, only films form in the
system, and the entire drop does not move, unlike in Fig. 5(b)
or Fig. 6(a). This allows us to eliminate some of the effects

related to the domain size. However, as will be discussed later,
the specific numerical results still depend on this size, whereas
the qualitative behavior does not.

First, in Fig. 7, we track the composition of the system
interface over time for pRS = 30 and p = 0.9, where we de-
fine the interface to include any “dry” areas of the substrate
not covered by liquid, as well as the free surface of the bulk
liquid. The figure shows the fractions fo, fw, fa of oil, water,
and air, respectively, at this interface. To obtain the results
shown in Fig. 7 we do the following: at every time instant,
we loop through the columns of the cell array from top to
bottom until a liquid cell, either water or oil, is found. The
type of cell we first reach is counted as the cell that is at the
surface of the drop or film. If we reach the substrate without
finding any liquid cell, then we consider that the column is an
air one. Due to the initial condition, at t = 0 about half of the
columns are of the air type, and the fraction of water at the free
surface of the drop is approximately 1.5 times larger than the
fraction of oil. For early times, since the oil cells are charac-
terized by lower interaction energy, they rapidly move to the
surface, replacing the water there (this occurs during the first
1010 or so MC steps shown in Fig. 7). This is why the fraction
of water cells at the surface decays so rapidly, appearing
discontinuous on the timescale shown in this figure.

RS RS

FIG. 6. Snapshots of the evolution of a pure system in the presence of SAW, for (a) pure oil and (b) pure water. Here, pRS = 400, p = 0.9,
Nsteps = 109.
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RS

×

FIG. 7. Evolution of the fractions fi (see text for the definition)
of oil, water, and vapor-air, averaged over 50 simulation realizations.
Water is represented by blue triangles, oil by yellow diamonds, and
vapor-air by black circles. Here, pRS = 30 and p = 0.9. The error
bars are typically smaller than the symbol size.

For intermediate times, the oil fraction at the interface
continues to increase and the air fraction starts to decrease
as oil begins to be extracted from the droplet and spreads over
the dry parts of the surface. Finally, when practically no air
columns in the system remain, the behavior of the system
changes: the oil fraction starts to (slowly) decrease and the
water fraction to increase. This behavior can also be seen in
the last snapshot of Fig. 4(b), which uses the same parameters.
This effect occurs since the SAW extracts the oil from the
surface of the drop (a process in which the acoustic radiation
pressure plays an important role). For longer times, as this oil
extraction continues, the amount of oil at the surface of the
main droplet decreases and begins to be replaced by water,
and there are insufficient available oil cells that can go to the
surface to replace the oil being extracted.

Commenting briefly on the influence of the domain size on
the results shown in this figure, we note that for larger domain
sizes, specifically for larger values of Lx while keeping the ini-
tial drop size fixed, the precise numerical values are expected
to differ. This is due to the increased available space for oil to
be extracted, which would lead to a higher surface fraction of

oil measured. However, the overall qualitative behavior would
remain the same: oil would continue to be extracted at the
surface of the drop and gradually be replaced by water, whose
surface fraction would increase at long times.

Figure 8(a) shows the number of oil particles located to the
left of the initial position of the xB line (xB|t=0). This position
can be seen at the top snapshots of Figs. 4–6. In Fig. 8(a),
we can see that for pRS = 0 (the black line), quite a few oil
particles escape from the droplet, especially at longer times.
For short times, the amount of oil escaping from the droplet
always increases with pRS (p = 0.9 in all cases). This is
reasonable since, once the oil has accumulated on the surface
of the droplet, it becomes easier to extract as the intensity of
the SAW increases. However, at longer times, this trend does
not hold because, for larger values of pRS, such as 200, the
system also begins to extract water, which then hinders the
extraction of oil from the droplet. This effect does not occur
for moderate values of pRS, such as 30, where only oil is
extracted from the droplet.

Figure 8(b) shows the time evolution of the oil concen-
tration within the macroscopic droplet, which we define as
the group of all cells located to the right of the dynamical
(time-dependent) xB line, that is, the region where the SAW
attenuates, for different values of pRS (p = 0.9 in all cases).
At t = 0, all cases start with an oil concentration of c = 0.4.
As time progresses and oil is extracted, this concentration
decreases. Even in the absence of SAW excitation (pRS = 0),
the percentage drops slightly, since some oil particles can still
escape from the droplet, as shown in Fig. 3(a). For small
values of pRS its increase leads to a more efficient oil extrac-
tion. Nonetheless, beyond a certain SAW intensity, pRS ∼ 50,
the percentage of oil to the right of xB(t ) decreases more
slowly than for the smaller intensities. This occurs since, for
these values, the SAW can extract water from the macroscopic
droplet as well, and as a consequence, the order of the curves
in Fig. 8(b) is not monotonic in pRS.

When analyzing this figure, it is important to keep in mind
that, although we measure either the number of oil particles
located to the left of the initial xB|t=0 line or the percentage
of oil to the right of the (time-dependent) xB(t ) line, both
metrics only capture oil extraction in the direction opposite to

RS

RS

×

FIG. 8. (a) Number of oil particles NOIL left of the original xB line, i.e., xB at t = 0 (see, e.g., top snapshots of Fig. 4), averaged over 50
simulation realization for different values of pRS with p = 0.9. Inset: zoomed view at later times. (b) Evolution of the drop’s oil content (the
cells right of the xB line) averaged over 50 simulation realization for different values of pRS with p = 0.9. The color scheme is the same in both
panels.
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the SAW, i.e., in the negative direction of the x axis. However,
as shown in Fig. 4(b), a similar oil film forms on the right side
of the droplet, in the direction of the SAW source (i.e., in the
positive x direction).

The time dependence of the xB(t ) line in Fig. 8(b)
is important to consider when analyzing the results in
comparison with Fig. 8(a), where we measure the number
of oil particles located to the left of xB|t=0. For example, the
case with pRS = 200 shows a slightly higher percentage of
oil extracted than the pRS = 0 case when measured relative
to the time-dependent xB line. However, in Fig. 8(a), where
we show the number of oil particles located to the left of the
original xB line, the number of oil particles is significantly
larger. This effect arises because the xB line tends to shift
leftward at late times, as seen in Fig. 4(b), meaning that some
oil may lie to the left of the original xB line but to the right of
the updated one.

IV. CONCLUSION

In this study, we explore the extraction of oil from an
oil-in-water emulsion using an MC-based discrete model, in-
corporating interactions between oil and water, as well as
external forces such as gravity and forcing due to SAWs.
Our results provide insight into the mechanisms governing oil
separation under acoustic excitation and highlight key factors
that drive the observed dynamics.

Our simulations confirm that oil naturally migrates toward
the surface of the droplet due to its lower surface energy,
independent of external forces. When SAW forcing is intro-
duced, it induces both acoustic streaming within the liquid and
acoustic radiation pressure at the free surface of the droplet,
leading to the formation of an oil film on top of and ahead of
the droplet. This process is primarily driven by the difference
in surface tensions of oil and water, modeled by appropriate
interaction energies.

A critical finding of our study is the essential role of acous-
tic radiation pressure in enabling oil extraction. In simulations
that exclude this effect, oil remains within the droplet and no
oil film formation occurs. Conversely, when acoustic radiation
pressure is accounted for, an oil film detaches and spreads
along the solid substrate, mirroring experimental observations
[10]. Moreover, as the SAW intensity increases, oil extraction
becomes more efficient until a threshold is reached, beyond
which water is also displaced. For sufficiently high SAW
intensities, not only is the oil extracted, but the entire droplet
undergoes flow, illustrating a transition from selective oil re-
moval to bulk fluid motion.

The main mechanism that allows the oil extraction is the
accumulation of oil at the free surface of the drop, which
acts as a reservoir from which oil is extracted into the film,
under the action of the SAW forcing. While the acoustic stress
in the bulk of the drop supports flow along the path of the
SAW, the mechanism that forces the separation of an oil film
off the drop and the motion of the oil meniscus along the solid
substrate is an acoustic-capillary balance between the acoustic
stress, which translates to acoustic radiation pressure applied
at the free surface of the liquid, and capillary stress. In the

case of oil, the acoustic stress dominates in the balance, and
the oil phase leaves the drop. In the case of water, the capillary
stress dominates, which renders the water phase at rest. We
note that explicit inclusion of liquid-solid interaction forces is
not needed for the purpose of explaining oil-water separation.

The model can be improved in several ways. First, two
lines xB, marking the left- and right-hand side boundaries
of the droplet, could be defined to provide a more realis-
tic description of the interaction with the SAW. Moreover,
it would allow us to more accurately measure the amount
of oil extracted from the droplet. Additionally, introducing
an interaction with the substrate instead of gravity, while it
would complicate the model, would be desirable for a more
accurate representation of the described dynamics. A particu-
larly relevant improvement would be the generalization of the
model to three dimensions. This would require a redefinition
of the droplet’s boundary, now encompassing the entire two-
dimensional perimeter of the droplet, and would significantly
increase the number of cells in the system, potentially making
computational exploration more challenging. However, the
use of a three-dimensional model could also help explain why,
in our two-dimensional simulations, oil appears on both sides
of the droplet, toward the SAW source and in the opposite
direction, whereas in the experiments it only appears toward
the source. In the two-dimensional model, oil can only move
forward or backward, while in the experiments a large portion
escapes sideways, effectively preventing any significant flow
toward the rear of the droplet as is seen in our two-dimensional
simulations.

In conclusion, our study highlights the effectiveness of
discrete modeling in capturing the essential physics of oil
extraction via SAWs and reinforces the importance of acoustic
radiation pressure in this phenomenon. Future work may fo-
cus on refining the model to include additional experimental
parameters, such as substrate interactions and more complex
fluid dynamics, with the goal of further bridging the gap
between simulation and real-world applications.
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APPENDIX A: MC SIMULATIONS DETAILS

The simulation performed is a discrete time kinetic Monte
Carlo (KMC) simulation with Kawasaki dynamics [48],
briefly described here. In each simulation step, the algorithm
randomly selects two adjacent cells and attempts to swap
them. To do this, it computes the energy difference �H =
Hν − Hμ between the final state ν and the initial state μ

using Eq. (1). An exchange between the position of cells
is accepted or rejected following the Metropolis acceptance
criterion, namely [48],

A(μ → ν) =
{

e−�H �H > 0,

1 �H � 0,
(A1)

where A(μ → ν) is called the acceptance rate for the μ → ν

transition, and �H is the energy difference between the states
(recall that the energy is in units of kBT ). The boundary
condition is set free, i.e., at the four domain boundaries, there
are walls that the particles cannot cross.

As is customary in KMC simulations, we assume that
Eq. (A1) remains valid even when the system is out of
equilibrium. This assumption allows us to use the described
algorithm to simulate the evolving system.

As every simulation realization is different, the uncertain-
ties of the magnitudes presented have been calculated by
averaging over all the runs launched for this parameter choice
following the jackknife procedure [52,53]. If xi is the value of
the x quantity at a given time for the i run, then the mean, x̄, is
defined as

x̄ = 1

N

N∑
i=1

xi, (A2)

where N represents the total number of runs, corresponding
to the number of simulations performed. The ith jackknife
estimate of a quantity x is obtained by averaging over all runs
while excluding the data from the ith run:

xJK
i = 1

N − 1

N∑
k=1,k 	=i

xk . (A3)

The variance of x̄ is then defined as

σJK(x̄) = N − 1

N

N∑
k=1

(
x̄ − xJK

i

)2
. (A4)

Thus, the estimated value is given by x̄ ± √
σJK (within one

standard deviation).

APPENDIX B: RELATION BETWEEN THE COUPLING
CONSTANTS Jkl AND THE SURFACE TENSIONS

OF THE LIQUIDS

In this Appendix we present a simple calculation that re-
lates the coupling constants of the particles in our model to
the macroscopic surface tensions of water, γw, oil, γo, and the

interfacial surface tension of oil and water, γow, whose values
are known.

If Jww is the typical binding energy for the interaction be-
tween two water particles, then the binding energy per particle
of water in the bulk is

Ew,b = − 1
2 JwwZb, (B1)

where Zb is the average number of neighbors and the factor
1/2 appears to avoid double-counting interactions. Similarly,
for the binding energy per particle of water in the surface we
have

Ew,s = − 1
2 JwwZs, (B2)

where Zs is the average number of neighbors for a particle
of water in the surface. As the surface tension is the energy
required to create an interface per unit area, then

γw = 1

2a
Jww(Zb − Zs), (B3)

where a is the typical area occupied by a particle in the
surface, and surface tension is in units of kBT/a. Similarly,
for oil we have

γo = 1

2a
Joo(Zb − Zs), (B4)

where the parameters a, Zs and Zb are, generally, not the same
for oil and water. However, if we assume that they are similar,
then we find

γw

γo
≈ Jww

Joo
. (B5)

The interfacial tension γow between oil and water can be
computed as

γow + �Wow = γw + γo, (B6)

where �Wow is the work per unit area needed to separate an
oil-water interface into two interfaces (water-air and oil-air).
This work can be estimated as

�Wow = Zb − Zs

a
Jow, (B7)

where we assume that the number of pairs per unit area of the
oil-water interface is the same as at the free surface of water
and oil, i.e., Zs and Zb are the same as in Eqs. (B3) and (B4).
This leads to

γow = Zb − Zs

a

[
1

2
(Jww + Joo) − Jow

]
. (B8)

From here it can be easily seen that

γow

γw

= 1 + Joo

Jww

− 2
Jow

Jww

, (B9)

and

Jow = Jww

2

[
1 + Joo

Jww

− γow

γw

]
≈ Jww

2

[
1 + γo

γw

− γow

γw

]
.

(B10)
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If we take into account the experimental values of γw, γo, and
γow [54] γo/γw ≈ 0.28 and γow/γw ≈ 0.5, then the values of
the Joo and Jow in terms of Jww that follow from Eqs. (B5) and
(B10) are

Joo ≈ 0.28Jww, Jow ≈ 0.4Jww. (B11)

The approximation that a, Zs, and Zb are the same at the three
interfaces—water-air, oil-air, and water-oil—may be rather
crude. Nonetheless, we expect Jww to be much larger than Joo

as the water-water interaction (hydrogen bonding) is stronger
than the oil-oil interaction (van der Waals), so the estimates
given by Eq. (B11) are reasonable for our purposes.
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